Abstract. Coning off a collection of uniformly quasiconvex subsets of a Gromov hyperbolic space leaves a new space, called the cone-off. Kapovich and Rafi generalized work of Bowditch to show this space is still Gromov hyperbolic. We show that the Gromov boundary of cone-off embeds in the boundary of the original hyperbolic space. (A stronger version of this result was previously obtained by Dowdall and Taylor [DT17, Theorem 3.2]; see Note below.) Moreover, under some acylindricity assumptions we give a precise description of the image. As an application, we are able to characterize the elliptic and loxodromic elements of groups acting on certain cone-offs of acylindrical actions.
Introduction
Let X be a graph, and let H be a collection of subgraphs. The cone-off of X with respect to H is the spaceX H obtained from X by adding an edge between each pair of distinct x, y, so that {x, y} ⊂ Y (0) for Y ∈ H. These new edges are called electric edges. If there is no ambiguity about H, we may useX to denote the cone-off.
We note that there are various other possibilities for a definition of a cone-off of X. It is clear for example that ifX is the cone-off of X with respect to H, then it is quasi-isometric to the space obtained by adjoining, for each Y ∈ H, a new vertex v Y connected by an edge to every vertex of Y . When X is the Cayley graph of a group, this construction is due to Farb [Far98] .
In case the collection H is quasi-dense, in the sense that every point is within bounded distance of some element of H, there is another possibility. Namely, one can let Γ H,R be a graph with vertex set H, and connect two vertices if the corresponding sets have distance at most R. For suitably chosen R, the space Γ H,R will be quasi-isometric toX.
Our starting point is the following useful theorem of Kapovich-Rafi and Bowditch.
Theorem 1.1. [KR14, Proposition 2.6], [Bow12, 7 .12] Let X be a Gromov hyperbolic graph, and let H be a collection of uniformly quasi-convex subgraphs. Then the cone-off of X with respect to H is Gromov hyperbolic.
1
We note that Bowditch proves the result under the additional hypothesis that H is quasi-dense.
Since the cone-off is hyperbolic, it is natural to ask about its Gromov boundary.
Question 1.2. IfX is a cone-off of X, how is the Gromov boundary ofX related to that of X?
Note that neither space quasi-isometrically embeds in the other, so it is not immediately clear that there should be any relation. Nevertheless, we will prove that ∂X embeds in ∂X in a natural way. Let Isom(X, H) denote the group of isometries of X preserving the family H. If Y ⊂ X, we write Λ(Y ) ⊂ ∂X for the limit set of Y .
Theorem A. [DT17, Theorem 3.2]
2 Let X be a Gromov hyperbolic graph, and H a collection of uniformly quasi-convex subgraphs. Then there is an Isom(X, H)-equivariant continuous map φ : ∂X H → ∂X which is a homeomorphism onto its image, which is contained in ∂X \ Y ∈H Λ(Y ).
This theorem is restated in Section 4 as Theorem 4.1 and proved in that section. We are left with the question of characterizing the image of φ. In general this seems hard (see Remark 1.3), so we impose additional hypotheses.
An isometric action of a group G on a metric space X is acylindrical if for all ε ≥ 0 there exist constants R, N ≥ 0 such that for all x, y ∈ X with d X (x, y) ≥ R, |{g ∈ G | d X (x, gx) ≤ ε and d X (y, gy) ≤ ε}| ≤ N.
Our second result gives a description of the boundary of such a space in the case there is an acylindrical action of some G on X and H is the collection of translates of some H < G which is quasi-isometrically embedded into X by the action.
Theorem B. Suppose G acts acylindrically on a Gromov hyperbolic graph X, and let H < G be finitely generated. Fix x ∈ X (0) , and suppose that the orbit map h → h.x is a quasi-isometric embedding of H in X. Let H = {gH.x | gH ∈ G/H}. LetX be the cone-off of X with respect to H, and let φ : ∂X → ∂X be the map from Theorem A.
Then φ is a homeomorphism onto ∂X \ Y ∈H Λ(Y ).
Remark 1.3. That some hypotheses are necessary to get such a description of the boundary ofX is illustrated by the following example. Let X be the Bass-Serre 1 We missed a "Moreover" in this statement, which can be used to simplify some of our arguments. In fact [KR14, Proposition 2.6] goes on to state that geodesics in X map to (unparameterized) uniform quasi-geodesics inX.
2 The theorem of Dowdall and Taylor is actually somewhat stronger than what is stated here, in that:
(1) Their result is in the slightly more general setting of coarsely surjective alignment preserving maps. It follows from the "Moreover" statement mentioned in the footnote to Theorem 1.1 that the cone-offs we consider are alignment preserving. (2) Dowdall-Taylor show that their map (φ −1 in our notation) is a continuous extension of the cone-off to a portion of ∂X.
tree for BS(1, 2) = a, t | tat −1 = a 2 , so that ∂X is a Cantor set. Then t acts loxodromically on X with axis γ. Let H be the collection of translates of γ. The union Y ∈H Λ(Y ) is a countable subset of ∂X, so ∂X \ Y ∈H Λ(Y ) is nonempty. However the cone-offX of X with respect to H is bounded, so ∂X = ∅.
In [Ham16] , Hamenstädt proves an analogous result to Theorem B in the case that the hyperbolic space X is strongly hyperbolic (as a metric space) relative to a collection of subspaces H, without requiring the existence of a group action.
Using the machinery of hierarchically hyperbolic groups, Spriano in [Spr17] also proves Theorem B in the special case where H is a collection of infinite quasi-convex subspaces which can be extended to form a so-called weak factor system. Indeed Spriano gives finer information about the boundary in this case, decomposing it into the boundaries of the various elements of the factor system, one of which is ∂X. When X is the Cayley graph of a hyperbolic group and H is the set of cosets of a finite collection of infinite quasi-convex subgroups, Spriano shows that H extends to a weak factor system [Spr17, Section 5.2]. Spriano's argument seems to strongly use properness. In general, X may not be a proper metric space, and thus we ask the following question: Question 1.4. Under the assumptions of Theorem B, can the set of translates gH.x can be extended to form a weak factor system?
We next use the description of the boundary ofX given in Theorem B to understand the action of G onX.
If a group G acts by isometries on a Gromov hyperbolic metric space Y with basepoint y 0 , then each g ∈ G is elliptic if some (equivalently any) orbit in Y is bounded, loxodromic if the map Z → Y defined by n → g n .y 0 is a quasi-isometric embedding, and parabolic if it is neither elliptic nor loxodromic. One may also use limit sets in ∂Y to distinguish between these types of isometries: an element g ∈ G is elliptic, parabolic, or loxodromic if |Λ( g )| = 0, 1, or 2, respectively. If Λ( g ) = 2, then we let Λ( g ) = {g ±∞ }. In this case, there is a quasi-geodesic axis in Y limiting to g ±∞ , and g acts as translation along this axis. As the action of G on X is acylindrical, every g ∈ G is either elliptic or loxodromic with respect to this action [Bow08] . Since the canonical map from X toX is 1-Lipschitz and G-equivariant, if g ∈ G is elliptic with respect to G X, then g is also elliptic with respect to G X . It remains to consider elements of G that are loxodromic with respect to G X.
Corollary C. Let G, X, H, andX be as in Theorem B. Let g ∈ G be a loxodromic isometry with respect to G X. Then either g is loxodromic with respect to G X or a power of g stabilizes some Y ∈ H. In the latter case, a quasi-axis of g is contained in a neighborhood of Y , and g is elliptic with respect to G X .
There are several similar results in the literature for cone-offs, with varying conditions on X and the subgroup H, for example, [Osi06, Theorem 1.14] and [ABO16, Proposition 6.5], which both conclude that either g is loxodromic with respect to the action on the cone-off or g is conjugate into H. In both of these results, there is some hypothesis of properness, which allows the slightly stronger conclusion. Additionally, in both of these results, the action on the cone-off is known to be acylindrical.
Under the assumptions of Theorem B, it is not known in general whether the action of G onX is acylindrical. However, this corollary shows that even if this is not the case, every element of G is elliptic or loxodromic with respect to the action G X . The first author was partially supported by NSF Award DMS-1803368. The second author was partially supported by Simons Collaboration Grant #524176 to Jason Manning.
Preliminaries
In this section we recall some basic notions and fix some notation regarding Gromov products and the boundary of a hyperbolic space. For more detail see for example [BH99, III.H].
Definition 2.1. Let (X, d X ) be a hyperbolic metric space with basepoint x 0 . For any x, y ∈ X, we define the Gromov product of x and y to be
We say a sequence of points (x k ) in X converges to infinity if lim n,k→∞ (x k | x n ) x0 = ∞. We define an equivalence relation ∼ on sequences (x k ), (y k ) in X which converge to infinity as follows: (x k ) ∼ (y k ) if and only if lim k→∞ (x k | y k ) x0 = ∞ if and only if lim n,k→∞ (x k | y n ) x0 = ∞.
Definition 2.2. The Gromov boundary ∂X of a hyperbolic metric space X is the set of equivalence classes of sequences in X which converge to infinity.
We extend the Gromov product toX = X ∪ ∂X by defining
for all x, y ∈X. We put a topology onX by declaring that a sequence (x n ) inX converges to a point x ∈X if and only if
We will also want to think about the boundary in terms of quasi-geodesics. In this paper we will restrict to continuous quasi-geodesics which are "tame" in the sense of [BH99, III.H.1.11]. To simplify notation we will bundle together all the constants describing the quality of such a quasi-geodesic into a single number, writing X (·) for the length of a path in X.
Definition 2.3. Let τ ≥ 1. A τ -quasi-geodesic in X is a continuous map γ : I → X where I ⊆ R is connected and so that for all s, t ∈ I,
The following "Morse" property of quasi-geodesics in hyperbolic spaces is wellknown (see e.g. [BH99, III.H.1.7]). Theorem 2.4. For all δ ≥ 0, τ ≥ 1, there is an M = M (τ, δ) ≥ 0 satisfying the following. Let X be a δ-hyperbolic space, and let γ 1 , γ 2 be τ -quasi-geodesics with the same endpoints in X ∪ ∂X. Then the Hausdorff distance between γ 1 and γ 2 is at most M .
Definition 2.5. Any number M as in Theorem 2.4 will be called a Morse constant for the parameters τ, δ.
Given a quasi-geodesic ray γ in X starting at x 0 , we define an equivalence class
Remark 2.6. By [KB02, Remark 2.16], there is a constant τ 0 depending only on the hyperbolicity constant of X such that given any point ξ ∈ ∂X, there is a τ 0 -quasi-geodesic ray γ ξ in X starting at
The Gromov product at infinity controls the Gromov product between points on quasi-geodesics:
Lemma 2.7. For any τ ≥ 1, δ ≥ 1 there is a D > 0 so that the following holds.
Let X be δ-hyperbolic, x 0 ∈ X, and α, β ∈ ∂X. Let γ α and γ β be τ -quasigeodesics starting at x 0 and tending to α, β respectively. Then for all s, t ≥ 0,
The following lemma states that the Gromov product of two points is approximately the distance to a geodesic between the points.
Lemma 2.8. For any δ-hyperbolic space X and any x, y ∈ X, we have
where [x, y] is any geodesic from x to y and x 0 is a fixed basepoint.
Convention 2.9. In this paper, we consider two hyperbolic spaces, X andX, as defined in the introduction. Fix a basepoint x 0 ∈ X; by definition, x 0 ∈X, as well. We will frequently calculate Gromov products in each space, and so to avoid confusion, we will use (· | ·) x0 to denote the Gromov product in X and · | · x0 to denote the Gromov product inX.
3. Tools 3.1. De-electrification. We need to be able to "lift" paths fromX to X in a consistent way. There are several notions of this in the literature, usually called "de-electrification." The following definitions are from [Spr17] . The first is similar to Bowditch's notion of de-electrification in [Bow12] , while the second is similar to the de-electrification described in [DM17] .
Definition 3.1. LetX be a cone-off of a graph X with respect to a family of subgraphs H. Let γ = u 1 * e 1 * · · · * e n * u n+1 be a concatenation of geodesics in X, where each e i is an electric edge and the u i are (possibly trivial) segments of X. A de-electrification of γ is the concatenation u 1 * η 1 * · · · * η n * u n+1 where each η i is a geodesic segment of X connecting the endpoints of e i . An embedded de-electrificationγ of γ is the concatenation u 1 * η 1 * · · · * η n * u n+1 where each η i is a geodesic segment of Y i connecting the endpoints of e i . In either case, the geodesics η i are called H-paths.
If the subgraphs in H are quasi-isometrically embedded, then the two definitions are coarsely equal, but this is not necessarily the case if the subgraphs are only quasi-convex. When we consider families of subgraphs that are uniformly quasiconvex, for example in Theorem A, we will use the de-electrification, and when we consider families of subgraphs that are uniformly quasi-isometrically embedded, for example in Theorem B, it will be more convenient to use the embedded deelectrification.
If the subgraphs in H are not geometrically separated, then the de-electrification of a geodesic [x, y] inX can be arbitrarily far from a geodesic from x to y in X. Thus we cannot expect de-electrification to always yield a quasi-geodesic in this situation. However, there is still a way to "lift" geodesics inX to quasi-geodesics in X:
Lemma 3.2. [Spr17, Corollary 2.29] Let X be a δ-hyperbolic graph, H a family of uniformly quasi-convex subgraphs, andX the cone-off of X with respect to H. Let K be the quasi-convexity constant of the family H. Then there exist τ 1 = τ 1 (δ, K) and τ 2 = τ 2 (δ, K) such that for each pair of vertices x, y ∈ X there exists a τ 1 -quasi-geodesic γ ofX from x to y with the property that for each de-electrificatioñ γ of γ ,γ is a τ 2 -quasi-geodesic of X.
We now show that Spriano's lemma can be extended to pairs x, y where x ∈X and y ∈ ∂X. The first step is to show that de-electrifications of quasi-geodesic rays inX limit to points in ∂X.
Lemma 3.3. If γ is a quasi-geodesic ray inX, then any de-electrification of γ converges to a point in ∂X depending only on γ.
Proof. Let γ be a τ -quasi-geodesic ray inX, and let δ,δ be the hyperbolicity constants of X andX, respectively. Letγ be any de-electrification of γ.
Since lim t→∞ dX (x 0 , γ(t)) = ∞ and the canonical map from X →X is 1-Lipschitz, we have lim t→∞ d X (x 0 , γ(t)) = ∞. Additionally, sinceγ is a de-electrification of γ, for all t, γ(t) lies onγ(t), and thusγ is not bounded in X.
Supposeγ does not converge to a point in ∂X. Then there is a sequence of pairs of points (a i , b i ) going to infinity inγ such that the Gromov products (
Consider a de-electrificationα i in X of the τ 1 -quasi-geodesic α i inX from a i to b i provided by Lemma 3.2. Thenα i is a τ 2 -quasi-geodesic, and without loss of generality, we may assume that τ 1 ≥ τ . Sinceγ is a de-electrification of γ, each point a i , b i either lies on γ or on a geodesic η in X connecting two vertices of γ that lie in some Y ∈ H. Suppose the latter is the case for some a i . Then since Y is K-quasi-convex, there is point y i ∈ Y with d X (y i , a i ) ≤ K, and, moreover, there is an edge inX connecting y i to η + . Therefore, there are points X-distance at most one from γ, there is a constant M depending only onδ and K and a point y i on the subpath of γ from a i to b i such that dX (y i , y i ) ≤ M . Therefore, we have
a bound which is independent of i. Finally if M is the Morse constant for parameters τ,δ, then
which is also independent of i, contradicting the fact that dX (x 0 , a i ) → ∞ as i → ∞.
We now state the generalization of Lemma 3.2 to quasi-geodesic rays. Spriano's original proof goes through with no essential modifications; we provide a sketch here.
Lemma 3.4. Under the assumptions of Lemma 3.2 there exist τ 1 = τ 1 (δ, K) and τ 2 = τ 2 (δ, K) such that for any ξ ∈ ∂X and any x 0 ∈X, there exists a τ 1 -quasigeodesic ray γ ofX from x 0 to ξ with the property that for each de-electrificatioñ γ of γ ,γ is a τ 2 -quasi-geodesic ray of X.
Proof. Letδ be the hyperbolicity constant ofX, and let τ 0 = τ 0 (δ) andτ 0 =τ 0 (δ) be the constants provided by Remark 2.6. Let γ is aτ 0 -quasi-geodesic ray inX from x 0 to ξ; this will play the role of [x, y] in Spriano's original proof. By Lemma 3.3, there is a pointξ ∈ ∂X such that any de-electrificationγ of γ converges toξ.
We will modify γ so that it is a τ 1 -quasi-geodesic ray γ with the same endpoints such that any de-electrification of γ is a τ 2 -quasi-geodesic, where τ 1 , τ 2 do not depend on the choice of x 0 , ξ. The proof is divided into two steps.
First, we modify γ to a path γ such that every de-electrificationγ is contained in a uniform X-neighborhood of a τ 0 -quasi-geodesic ray σ from x 0 toξ in X with η s to obtain γ . Spriano proves that γ is a quasi-geodesic ofX, and his proof goes through without modification. The second step is to modify γ so that any de-electrificationγ has no backtracking. This will be done inductively. Let B 0 be a ball in X of uniform radius centered at x 0 , and consider the set of connected components ofγ − B 0 that contain at least two H-paths. (As before, if a connected component contains a single H-path, then there uniform bound on the amount of backtracking.) Let T 0 be the set of points obtained by intersecting the connected components as above with ∂B 0 . If T 0 contains only one element, then we do nothing, and next consider the ball B 1 centered at that single element. If T 0 contains at least two points, let a, b be the first and last points of T 0 . We modifyγ by replacingγ | [a,b] with a geodesic [a, b] in X, and, using the same procedure as in the first step, we modify γ so that it contains a and b as vertices, and then replace γ | [a,b] with a geodesic [a, b] in X. Call these new pathsγ 1 and γ 1 . We then repeat this procedure withγ 1 and γ 1 , letting B 1 be a ball in X of uniform radius centered at b, and consider the connected components ofγ 1 − B 1 which occur after the point b onγ 1 . Continuing in this manner, we obtain a path γ such that any de-electrification has no backtracking. Note that in Spriano's proof, he also considers the case where some T i is empty; this is not a possibility in our situation, becauseγ is a ray rather than a finite geodesic. Spriano proves that γ is a τ 1 -quasi-geodesic and that any de-electrification is a τ 2 -quasi-geodesic, and his proof goes through without modification.
If the subgraphs in H are uniformly quasi-isometrically embedded in X, then given any x ∈ X and y ∈ X ∪ ∂X, any embedded de-electrification of the τ 1 -quasi-geodesic from x to y provided by Lemmas 3.2 or 3.4 is within finite Hausdorff distance of any de-electrification. Thus, after possibly increasing τ 2 , we can conclude that any embedded de-electrification is also a τ 2 -quasi-geodesic. For x, y ∈ X, this is [Spr17, Corollary 2.29]. Say that K is a constant of quasi-isometric embeddedness for H if every element of H is (K, K)-quasi-isometrically embedded, with K-quasi-convex image.
Lemma 3.5. Let X be a δ-hyperbolic graph, H a family of uniformly quasiisometrically embedded subgraphs, andX the cone-off of X with respect to H. Let K be the constant of quasi-isometric embeddedness of the family H. Then there exist τ 1 = τ 1 (δ, K) and τ 2 = τ 2 (δ, K) such that for each pair of points x, y ∈ X there exists a τ 1 -quasi-geodesic γ ofX from x to y with the property that for each embedded de-electrificationγ of γ ,γ is a τ 2 -quasi-geodesic of X. Moreover, for any ξ ∈ ∂X and any x 0 ∈X, there exists a τ 1 -quasi-geodesic ray γ ofX from x 0 to ξ with the property that for each embedded de-electrificationγ of γ ,γ is a τ 2 -quasi-geodesic ray of X.
3.2.
Projecting quasi-geodesic rays from X toX. In Section 5 we will need the following observation about τ 0 -quasi-geodesic rays in X which limit to points in ∂X \ Y ∈H Λ(Y ).
Lemma 3.6.
3 Let γ be a τ -quasi-geodesic ray in a Gromov hyperbolic space X, and letX be the cone-off with respect to a family H of uniformly quasi-convex subgraphs. Then one of the following occurs:
(1) γ is a bounded subset ofX; or (2) γ has a unique limit point in ∂X.
Proof. Suppose that neither of these occur. Then there is a sequence of pairs of points (a i , b i ) on γ and a constant B so that lim i→∞ min{dX (
Without loss of generality, we may assume that the part of γ from x 0 to b i passes through a i . Let σ i be the τ 1 -quasi-geodesic inX from a i to b i provided by Lemma 3.2, and letσ i be any de-electrification in X. Let y i be a point on σ i which is closest inX to the basepoint x 0 . Notice we have
let η i be the τ 1 -quasi-geodesic inX from x 0 to y i provided by Lemma 3.2, and let η i be any de-electrification. See Figure 2 . 3 The "Moreover" statement mentioned in the footnote to Theorem 1.1 immediately implies a stronger statement than that given in this lemma: The image of γ in the cone-off is an unparameterized quasigeodesic (either a ray or a segment).
Notice that X (η i ) is uniformly bounded by τ 1 · (B +M + δ + 1). Sinceσ i is a τ 2 -quasi-geodesic, it is contained in the M -neighborhood of γ| [ai,bi] in X. The τ 2 -quasi-geodesicη i starts at x 0 and terminates onσ i . It follows that there is a constant C = C(δ, M ) such that the C-neighborhood in X ofη i contains γ| [x0,ai] . In particular there is a pointz ∈η i such that d X (a i ,z) ≤ C. Sinceη i is a deelectrification of η i , there is a point z ∈ η i with dX (z, z) ≤ K + 1. The map from X toX is 1-Lipschitz, and therefore we have
which is a contradiction as the right-hand side is independent of i.
Proof of Theorem A
Let X be a Gromov hyperbolic graph and H a collection of K-quasi-convex subgraphs of X. LetX be the cone-off of X with respect to H. Unless otherwise stated we will assume that all (quasi-)geodesic rays in X andX begin at x 0 . Let δ,δ be the hyperbolicity constants of X andX, respectively, and let τ 0 = τ 0 (δ) and τ 0 =τ 0 (δ) be the constants provided by Remark 2.6.
For anyτ 0 -quasi-geodesic ray γ inX, let c 1 be the τ 1 -quasi-geodesic inX provided by Lemma 3.4, and let c be any de-electrification of That φ is well-defined is Lemma 4.2 below. The main result of the section is the following.
Theorem 4.1. The map φ is a homeomorphism onto its image, which is contained in ∂X \ Y ∈H Λ(Y ).
Before beginning the proof, we first fix the additional constants which will be used throughout this section. Let τ 1 , τ 2 be the constants coming from Lemma 3.4. Let M be Morse constant for parameters τ 2 , δ, and letM be a Morse constant for parameters τ 1 ,δ; note that both of these depend ultimately only on δ and K. Without loss of generality, we may assume that τ 1 ≥τ 0 and τ 2 ≥ τ 0 . We divide the proof into several lemmas.
Lemma 4.2. The map φ is well-defined and independent of x 0 .
Proof. Suppose ξ ∈ ∂X andγ,σ areτ 0 -quasi-geodesic rays inX both converging to ξ. (In this lemma we do not require thatγ,σ begin at the same point.)
Let γ, σ be the τ 1 -quasi-geodesic rays inX with [γ] = [σ] = ξ provided by Lemma 3.4, and letγ,σ be any de-electrifications. Since γ and σ both converge to ξ ∈ ∂X, there exist sequences of points (a i ), (b i ) with a i ∈ γ and b i ∈ σ for all i such that lim 
Therefore, for any geodesic
Let α i be the τ 1 -quasi-geodesic from a i to b i inX provided by Lemma 3.2, and letα i any de-electrification. Sinceα i is a τ 2 -quasi-geodesic, there is a point y i ∈α i such that
Sinceα i is a de-electrification of α i , there is point y i ∈ α i with dX (y i , y i ) ≤ K + 1. Moreover, since α i is a τ 1 -quasi-geodesic, there is a point on anyX-geodesic from a i to b i which is withinX-distanceM of y i . Since the canonical map from X tô X is 1-Lipschitz, we have
which is a contradiction, as B + δ + M + K + 1 +M +δ is independent of i.
Lemma 4.3. The map φ is injective.
Proof. Let ξ 1 , ξ 2 ∈ ∂X be such that ξ 1 = ξ 2 . Let γ i be the τ 1 -quasi-geodesics inX with [γ i ] = ξ i provided by Lemma 3.4, and letγ i be any de-electrifications of γ i in X.
Sinceγ 1 is a de-electrification of γ 1 , these are also vertices ofγ 1 . Choose points z 2,i ∈γ 2 such that d X (z 1,i ,z 2,i ) ≤ C. Then there exist points z 2,i on γ 2 such that dX (z 2,i , z 2,i ) ≤ K + 1. Combining this with the fact that the canonical map from X toX is 1-Lipschitz, we have dX (z 1,i , z 2,i ) ≤ C + K + 1. Note that this implies that lim i→∞ dX (x 0 , z 2,i ) = ∞. Therefore
For any subspace of a metric space B ≤ A and any constant η, we let N η (B) = {a ∈ A | d A (a, B) ≤ η}. If we want to emphasize that this neighborhood is defined using the metric on A, we write N We now prove Theorem 4.1, which states that φ is a homeomorphism onto its image.
Proof of Theorem 4.1. Since Lemma 4.3 shows that φ is an injective map, it remains to show only that φ and its inverse are continuous maps.
We start with the inverse map. Suppose we are given (ξ i ), ξ ∈ φ(∂X) satisfying lim i→∞ ξ i = ξ, and let η i , η ∈ ∂X be the preimages of ξ i , ξ, respectively, under the Fix a sequence of points (x j ) with x j ∈ β such that lim j→∞ dX (x 0 , x j ) = ∞. Sinceβ is a de-electrification of β, each x j lies onβ. Since [β i ] converges to [β], there is a constant B = B(δ, K) and constants N j with lim j→∞ N j = ∞ such that d X (x j ,β i ) ≤ B for all i ≥ N j . For each j and each i ≥ N j , letz i,j be a point oñ
Next we show φ is continuous. Suppose η i , η ∈ ∂X satisfy lim i→∞ η i = η. Let γ i , γ be the τ 1 -quasi-geodesic rays inX with [γ i ] = η i and [γ] = η provided by Lemma 3.4, and letγ i ,γ be any de-electrifications in X.
Towards a contradiction, we assume lim
. Then after passing to a subsequence, there is a constant L 0 so that
Since the [γ i ] converge to [γ] in ∂X we can choose points a i on γ i , and b i on γ so that
On the other hand (2) implies that there is a constant L = L 0 + D, where D is a constant given by Lemma 2.7, so that for all i,
For each i, let α i be a τ 1 -quasi-geodesic inX joining a i to b i as in Lemma 3.2 and letα i be any de-electrification. Then there are pointsỹ i onα i such that
As the α i are τ 1 -quasi-geodesics inX, it follows that for each i there is a point on the geodesic segment inX from a i to b i that is within distance
However, the right-hand side is independent of i, contradicting Equation (3).
Theorem A follows from 4.1 together with the independence of basepoint observed in Lemma 4.2.
Proof of Theorem B
Let X be a hyperbolic graph, and x 0 a vertex of X. Suppose G X is an acylindrical action, and that H < G is a finitely generated subgroup quasi-isometrically embedded by the action. That is, we assume that h → hx 0 gives a quasi-isometric embedding of H into X. It follows that there is an H-equivariant, H-cocompact subgraph Y 0 of X containing x 0 . Let H = {gY 0 | g ∈ G}. The cone-off of X with respect to H is clearly G-equivariantly quasi-isometric to the cone-off of X with respect to {gHx 0 | g ∈ G}, so we can takeX to be the cone-off with respect to H.
In this section, we fix all the above data and completely describe the image of the map φ : ∂X → ∂X defined in (4).
We fix constants δ,δ, τ 0 ,τ 0 as in Section 4. We let K be the constant of quasiisometric embeddedness of H. We now use τ 1 , τ 2 to refer to the constants from Lemma 3.5 about embedded de-electrifications. As before, the constants M andM are Morse constants for parameters τ 2 , δ and τ 1 ,δ, respectively. We again assume without loss of generality that τ 1 ≥τ 0 and τ 2 ≥ τ 0 . Finally, for any ε ≥ 0, we let R(ε) and N (ε) be the constants of acylindricity for the action of G on X.
Lemma 5.1. Let γ be a τ 0 -quasi-geodesic ray in X. If γ is bounded inX then
Proof. Let γ be a τ 0 -quasi-geodesic ray in X whose image inX is bounded; we suppose that γ starts at x 0 . Choose a sequence {x i } on γ tending to infinity in X. We will pass to subsequences several times but use the same notation for the subsequences.
For each i, let σ i be the τ 1 -quasi-geodesic from x 0 to x i inX provided by Lemma 3.5, and letσ i be any embedded de-electrification. Note thatσ i is contained in an M -neighborhood of γ. Figure 3 . De-electrifications of the paths σ i must have some subsegments whose lengths go to infinity.
Since γ is bounded inX, there is some C ≥ 0 so that X (σ i ) ≤ C for all i. The quasi-geodesicsσ i are broken quasi-geodesics of the formσ i = u i,1 * η i,1 * · · · * η i,ki * u i,k1+1 , where the u i,j are (possibly trivial) paths in X, each η i,j is a geodesic in some Y ∈ H, and k i ≤ C for all i. Since X (σ i ) → ∞, some of the η i,j must be unbounded.
Passing to a subseqence, we may assume that for a fixed j, the lengths X (η i,j ) tend to infinity, but the lengths of the prefixes u i,1 * η i,1 · · · * u i,j are uniformly bounded, say by L. Set ε = 2L+6M +2δ, and let R = R(ε), N = N (ε). Discarding the first few terms of the sequence, we may assume that the X-distance between the endpoints of η i,j exceeds R for all i. Let y i be the initial point of η i,j , and let z i be the first point on η i,j so that d X (y i , z i ) = R. Note that d X (y i , y 1 ) ≤ 2L. Furthermore the closest point z i to z i on γ is at least R − (L + M ) from x 0 , and at most R + (L + M ) from x 0 . By a careful analysis of the geodesic triangle in X with vertices x 0 , z 1 , and z j , we see that d X (z 1 , z i ) ≤ 2L + 4M + 2δ, and so d X (z i , z 1 ) ≤ 2L + 6M + 2δ.
The paths η i,j are all translates of geodesics in the H-cocompact graph Y 0 , so after passing to a subseqence and pushing them into Y 0 , they converge to a ray. More precisely, there is a ray η ∞ in Y 0 and a sequence of elements g i ∈ G so that, for any n, g
Discarding the first few terms, we may suppose that for all i, g Y ∈H Λ(Y ), and let γ be a τ 0 -quasi-geodesic ray in X with [γ] = ζ. We will also consider γ as a path inX. By Lemma 3, γ either limits to a point in ∂X or stays in a bounded neighborhood of x 0 inX. If γ stays in a bounded neighborhood of x 0 inX, then by Lemma 5.1, γ limits to a point in Λ(Y ) for some Y ∈ H. Therefore, γ must limit to a point ξ ∈ ∂X. We will show that φ(ξ) = ζ.
Let σ be the τ 1 -quasi-geodesic ray inX with [σ] = ξ provided by Lemma 3.5, and letσ be any embedded de-electrification of σ. Fix sequences (x i ) on γ and (y i ) on σ such that lim i→∞ dX (x 0 , x i ) = ∞ and lim i→∞ dX (x 0 ,
Suppose towards a contradiction that there is a constant B such that
Let α i,j be the τ 1 -quasi-geodesic inX from x i to y i provided by Lemma 3.5, and letα i,j be any embedded de-electrification. Then sinceα i,j is a τ 2 -quasi-geodesic in X, there is a vertexã i,j onα i,j such that d X (x 0 ,ã i,j ) ≤ B + δ + M . Sincẽ α i,j is an embedded de-electrification of α i,j , there is a point a i,j on α i,j with dX (a i,j ,ã i,j ) ≤ 1. Additionally, since α i,j is a τ 1 -quasi-geodesic, there is a point z i,j on a geodesic from x i to y i inX such that dX (α i,j , z i,j ) ≤M . Finally, since the map from X →X is Lipschitz, we have that dX (x 0 , z i,j ) ≤ B + δ + M + 1 +M , which implies that for any i, j,
which is a contradiction, as this bound is independent of i and j. Therefore, φ(ξ) = [σ] = ζ. Since ζ was arbitrary, the image of φ contains ∂X \ Y ∈H Λ(Y ).
Combined with Theorem A, Lemma 5.2 completes the proof of Theorem B.
Proof of Corollary C
We will work under the same assumptions as in the previous section. Specifically, we fix the following data. Let X be a hyperbolic graph, and x 0 a vertex of X. Suppose G X is an acylindrical action, and that H < G is a finitely generated subgroup quasi-isometrically embedded by the action. That is, we assume that h → hx 0 gives a quasi-isometric embedding of H into X. Let H = {gY 0 | g ∈ G}, where Y 0 an H-equivariant, H-cocompact subgraph of X containing x 0 .
We fix constants δ and K as in Section 5, and for any ε ≥ 0, we let R(ε) and N (ε) be the constants of acylindricity for the action of G on X. Let g ∈ G be a loxodromic isometry with respect to G X, and let α g be a τ -quasi-axis in X for some τ . Let B be the Morse constant for parameters τ, δ. We assume without loss of generality that τ ≥ K.
Proof of Corollary C. Let g ∈ G be a loxodromic isometry with respect to G X and Λ(g) = {g ∞ , g −∞ }. . There are also K-quasi-geodesic rays γ i in g i Y from g i y 0 to g −∞ which are contained in the B-neighborhood of α g . Fix ε = 8B+2δ, and let R = R(ε), N = N (ε). For each j ≥ 0, let y j be the closest point on γ j to α g (T 0 ), so that d X (y 0 , y j ) ≤ B + D ≤ 2B. Let η j be the subray of γ j from y j to g −∞ , and let z j be the first point on η j with d X (y j , z j ) = R. Note that the closest point z j on α g to z j is at least R − 2B from α g (T 0 ) and at most R + 2B from α g (T 0 ). It follows from a careful analysis of the geodesic triangle in X with vertices α g (T 0 ), z 0 and z j that d X (z 0 , z j ) ≤ 6B + 2δ. Thus d X (z 0 , z j ) ≤ 8B + 2δ.
The proof now proceeds as in the proof of Lemma 5.1. The paths η j are all translates of K-quasi-geodesics in the H-cocompact graph Y 0 , so after passing to a subsequence and pushing them into Y 0 , they converge to a quasi-geodesic ray. That is, there is a quasi-geodesic ray η ∞ in Y 0 and a sequence of elements h j ∈ G so that h Let y = η ∞ (0) and z = η ∞ (R), so that y j = h j (y) and z j = h j (z) for all j. Acylindricity of the action tells us that the set {h j h −1 0 } has at most N elements, since h j h −1 0 moves both y 0 and z 0 a distance of at most ε. In particular, the paths η j lie in a finite union N k=1 Y k of elements of H. Since each η j lies in g j Y by assumption, this implies that there is some j = j such that g j Y = g j Y . Therefore, g j −j stabilizes the subgraph Y , which proves the first statement of the corollary.
For the second statement, notice that if a power of g stabilizes Y , then g ±∞ ∈ Λ(Y ). That is, if one limit point of g lies in Λ(Y ) for some Y ∈ H, then the other limit point must also lie in Λ(Y ). This implies that α g is contained in the Dneighborhood of Y , and it is clear that thus g is elliptic with respect to G X .
